We construct some new classes of topological black hole solutions in the context of mimetic gravity. We study the uncharged and charged black holes, separately. In the absence of a potential for the mimetic field, our solutions can address the flat rotation curves of spiral galaxies and alleviate the dark matter problem without invoking any kind of particle dark matter. Thus, mimetic gravity can provide a theoretical background for understanding flat galactic rotation curves through modification of the Schwarzschild spacetime. We also investigate the casual structure and physical properties of the solutions. The presence of the mimetic field changes the asymptotic behaviour of the spacetime. We observe that in the absence of a potential, our solutions are not asymptotically flat, while, in the presence of a negative constant potential for the mimetic field, the asymptotic behaviour of the solutions can be anti de-Sitter (AdS). Finally, we explore the motion of massless and massive particles and give a list of the types of orbits. We study the differences of geodesic motion in Einstein gravity and in mimentic gravity. In contrast to Einstein gravity, massive particles always move on bound orbits and cannot escape the black hole in mimentic gravity. Furthermore, we find stable bound orbits for massless particles.
I. INTRODUCTION
One of the most important challenges of modern cosmology is that about 95% of the total energy content of our Universe is dark and the nature of these dark components is still unknown. It has been shown that the dark side of the Universe consists of two components called dark energy (about 69%) and dark matter (about 26%) of the energy content. The former has anti-gravity property with negative pressure and is responsible for the acceleration of the Universe expansion, and the latter has no electromagnetic interaction but contributes to the gravitational interaction.
Indeed, it is now well established that the baryonic matter of galaxies and clusters of galaxies does not provide sufficient gravitation to explain the observed dynamics of the systems and the presence of dark matter is necessary for explanation of such dynamics. Furthermore, according to our present understanding, dark matter has also significant contribution to the anisotropies in the cosmic microwave background, galaxy cluster velocity dispersions, large-scale structure distributions, gravitational lensing investigations, and X-ray measurements from galaxy clusters.
Of course, it is quite possible to deal with the problem in a different perspective. Indeed, one can argue that dark matter might be a manifestation of a theory of gravity beyond General Relativity and does not really consists of particles. In this regards, modified theories of gravity have been proposed to explain gravitational lensing, flat rotation curves of galaxies and dynamics of cluster of galaxies as a geometrical effect. Modified Newtonian Mechanics (MOND) is a known example, which try to explain the flat rotation curves of galaxies, through modifying Newton's law of gravity [1] . However, this theory suffers to embed within a more comprehensive relativistic theory of gravity. Another attempt for probing dark matter through a geometrical effect is the f (R) theory of gravity, which has been investigated widely in the structure (see e.g. [2] [3] [4] [5] [6] [7] [8] [9] [10] and references therein).
A new approach to address the dark matter puzzle, as a geometrical effect was proposed in [11] . This theory, which was first initiated by Chamseddine and Mukhanov [11] , called "mimetic dark matter " and latter became well-known as mimetic gravity. One is able to construct mimetic gravity from General Relativity by isolating the conformal degree of freedom of the gravitational field in a covariant way and re-parameterizing the physical metric in terms of an auxiliary metric and a scalar field [11] . In this way, on a flat Friedmann-Robertson-Walker (FRW) Universe, the extra scalar longitudinal degree of freedom of the gravitation field, can be interpreted as the energy density of the mimetic field which scales as a −3 , where a is the scale factor, thus mimicking the contribution of pressureless dust, without invoking any kind of particle matter [11] . The studies on the mimetic gravity have gained considerable attention in two directions. In the context of cosmology, the dynamical behavior of mimetic gravity with a general potential for the mimetic scalar field has been explored in [12, 13] . It was argued that by adding a non-minimal coupling between matter and the mimetic field, a MOND-like acceleration law in mimetic gravity can be recovered and the flat rotation curves of spiral galaxies are alleviated without needing particle dark matter [14] . It was also pointed out that a modified version of mimetic gravity, can resolve the singularities in contracting Friedmann and Kasner universes and leads to a universe with limiting curvature and regular bounce [15] . Other studies on mimetic gravity in cosmological setups have been carried out in [16] [17] [18] . In the context of black hole physics, while Reissner-Nordström black holes in mimetic f (R) gravity have been explored in [19] , static and spherically symmetric solutions in mimetic gravity have been considered in [20, 21] . It was argued that a modified version of this theory can remove the physical singularity inside the Schwarzschild black hole and results in a geodesically complete spacetime [22] . When a black hole has flat or cylindrical horizon, static and rotating solutions with zero curvature boundary, in mimetic gravity, have been studied in [23] .
Black hole spacetimes for both spherically and flat horizon with/without cosmological constant, in mimetic gravity, have also been considered in [24] . The obtained solutions in [23, 24] coincide with the well-known solutions of General Relativity, since they have proposed g tt = −g rr . However, there are more general solutions of the field equations of mimetic gravity. In fact, as it was already pointed out [20, 21] , and we shall see shortly, in mimetic gravity, the general solutions can be constructed provided one takes g tt = −g rr . This is due to the fact that mimetic field induces an extra degree of freedom to the gravitational field equations which must reflects in the line elements of metric. In this way spherically symmetric black hole solutions in the framework of mimetic gravity were constructed in [20, 21, [25] [26] [27] .
On the other side, it is well-known that the topology of the event horizon of an asymptotically flat stationary black hole in four dimensions is uniquely determined to be the two-sphere S 2 [28, 29] . Indeed, Hawking's theorem requires the integrated Ricci scalar curvature with respect to the induced metric on the event horizon to be positive [28] . Of course, when the spacetime is not asymptotically flat, the spherical topology of the black holes horizon is not necessary and one can have stationary black holes with nontrivial topologies. It was argued that for asymptotically AdS spacetime, in the four-dimensional Einstein-Maxwell theory, there exist black hole solutions whose event horizons may have zero or negative constant curvature and their topologies are no longer the two-sphere S 2 (see e.g. [30] [31] [32] [33] [34] [35] and references therein).
Despite a lot of efforts in exploring the mimetic gravity, one important question remains to be answered. Is it possible to reproduce the flat galactic rotation curves, in a static spacetime, in mimetic gravity? Our aim in this work is to construct topological black hole solutions in the context of mimetic gravity. For completeness, we study the case of uncharged and charged black holes in the absence and presence of a constant potential for the mimetic field. We find that in order to fully satisfy the field equations, the mimetic potential should be regarded as a negative constant which can admit an asymptotically anti-de Sitter (AdS) spacetime. We also calculate the orbital velocity of a test particle in mimetic spacetime and show that it can serve as an alternative explanation of the flat rotation curves of spiral galaxies. Our work differs from [14] in that we consider the original version of mimetic theory introduced in [11] to explain the flat galactic rotation curves, while the author of [14] reproduces the MOND-like theory within the framework of mimetic gravity, by adding a non-minimal coupling between the mimetic field and the matter hydrodynamic flux.
Our work also differs from [21] where by implementing linear and quadratic corrections to the potential of the mimetic field, they modified the effective Newtonian gravitational potential felt by a test particle. Here, we disclose that in order to explain the flat galactic rotation curves in mimetic gravity, one does not need to add neither a non-minimal coupling term to the action nor taking into account a potential for the mimetic field. We will also analyze our solutions by exploring the orbits of test particles and light, which is a powerful method to study the structure and properties of a spacetime. With the help of geodesics observable quantities like the shadow of a black hole can be calculated and compared to observations. This allows to test different models and theories of gravity. We will derive the equations of motion using the Hamilton-Jacobi approach and study the behaviour of the geodesics with effective potential techniques. This paper is structured as follows. In the next section, by varying the action of mimetic gravity, we derive the basic field equations. In section III, we obtain topological black hole solutions in mimetic gravity and study the physical properties, asymptotic behaviour and casual structure of the solutions. We also obtain the orbital speed of test particle in mimetic spacetime and show that how it can alleviate the problem of flat rotation curves of spiral galaxies. In section IV, we extend our study to charged topological black holes in the context of mimetic gravity. In section V, we explore the geodesic motion of massless and massive test particles in these spacetimes. We finish with closing remarks in the last section.
II. BASIC FIELD EQUATIONS
We start with the following action
where R = R(g µν ) is the Ricci scalar, V (φ) is the potential for the scalar field, λ is the Lagrange multiplier, and L m = −F µν F µν is the Lagrangian of the Maxwell field. Here
the electromagnetic field tensor and A µ is the gauge potential, and ǫ = ±1 depends on the spacelike or timelike nature of ∂ µ φ. Through this paper we take the signature (−, +, +, +), thus ǫ = −1 corresponds to timelike ∂ µ φ and ǫ = 1 indicates spacelike ∂ µ φ. We further assume 8πG N = 1, unless we mention explicitly. Varying the above action with respect to the metric g µν and the scalar field φ, leads to the following equations of motion
where the energy momentum tensor of the scalar and electromagnetic field are defined,
while the equation of motion for the gauge field can be obtained as
Variation of the action (1) with respect to the Lagrange multiplier λ leads
This implies that the scalar field is always constrained by Eq. (7) and thus is not dynamical by itself, but induces mimetic dark matter in Einstein theory making the longitudinal degree of freedom of the gravitational field dynamical [15] . The mimetic gravity proposed in [11] corresponds to ǫ = −1 which means that ∂ µ φ should be timelike (their signature differs from ours). We emphasize that introducing φ does not add a new dynamical scalar field. This is the main difference between mimetic gravity and standard scalar-tensor theories of gravity such as Brans-Dicke or dilaton gravity where the scalar field adds a new degree of freedom. In contrast, in mimetic gravity, in addition to two transverse degrees of freedom describing gravitons, the gravitational field acquires an extra longitudinal degree of freedom induced by the mimetic field [11] . Thus, mimetic gravity can be viewed as a modification of General Relativity in the longitudinal sector.
Taking the trace of Eq. (2) and using the constraint equation (7), we find
where G = G µ µ and T = T µ µ are, respectively, the trace of the Einstein tensor and energy momentum tensor. Inserting λ in the field Eqs. (2) and (3), we arrive at
Our aim here is to find the topological static black hole solutions of the above field equations. We assume the line elements of the metric as
where f (r) and g(r) are unknown functions of r which should be determined, and dΩ 2 k is the line element of a two-dimensional hypersurface Σ with constant curvature,
For k = 1, the topology of the event horizon is the two-sphere S 2 , and the spacetime has the topology R 2 × S 2 . For k = 0, the topology of the event horizon is that of a torus and the spacetime has the topology R 2 × T 2 . For k = −1, the surface Σ is a 2-dimensional hypersurface H 2 with constant negative curvature. In this case the topology of spacetime is R 2 × H 2 .
Using the metric (11), the constraint equation (7) yields
which again confirms that the scalar field φ is not dynamical. For timelike ∂ µ φ (ǫ = −1), the scalar field is imaginary. However, since φ is not a dynamical field, it does not make any trouble and we have still a real spacetime. Suppose the gauge potential is in the form A µ = h(r)δ 0 µ , and using the metric (11), the only non-vanishing component of Eq. (6) is given by
where F tr = E(r) = h ′ (r) is the electric field and the prime denotes the derivative with respect to r. Solving the above equation for E(r), we find
where q, which is a constant of integration, is related to the electric charge of the black hole.
Inserting metric (11) and the electric field (15) into the field equations (9), regardless the sign of ǫ, we obtain the following equations for the components of the Einstein equations,
In the remaining part of this paper, we are going to solve the above field equations and obtain the unknown functions f (r) and g(r). Clearly, our solutions should also satisfy Eq. (10) for the scalar field. Through this paper, we take two values for the potential of the mimetic field, namely V (φ) = 0 and V (φ) = −V 0 = −2Λ with Λ > 0. We also find out that our solutions do not exist for the case of a positive constant potential. Besides, when the mimetic potential is a function of r, namely for V (r) = V [φ(r)], it is not easy to find an exact analytical solution for the full field equations. Although in [21] , the authors considered several type of variable potentials and presented some approximate solutions, but their solutions are not the exact solutions of the full field equations and could be only valid for some range of the distance r. Thus, we leave the solutions of the topological mimetic black holes for a variable potential for future studies.
III. UNCHARGED BLACK HOLES
In this section, we consider the case where our black hole solutions have no charge by setting q = 0 in the field equations (16)- (17).
A. Solutions with V (φ) = 0
At first we investigate the case where V (φ) = 0. In this case the field equations reduce to
The solution to Eq. (19) is given by
Inserting this solution into Eq. (20), we find the following solution for the metric function
where b 0 , b 1 and r 0 are integration constants. One can easily check that solutions (13), (22) and (23) also satisfy the remaining field equations (10) 
Clearly for k = 0, −1 we have always g tt > 0, which means the signature of the metric is changed.
Again, we confirm that, in mimetic gravity similar to Einstein gravity, we have no topological black holes in the case of zero potential and the horizon topology must be a 2-sphere.
In order to check the curvature singularity of the spacetime, we examine the Ricci and Kretschmann invariants for the obtained solutions. It is easy to show that these invariants diverge at r = 0, they are finite at r = 0 and go to zero for r → ∞. Thus there is a curvature singularity located at r = 0.
It is also interesting to study the behaviour of the metric function at far distances. Of course,
we are aware that in the weak gravitational field regime, B(r) ≈ 1 + 2Φ(r)/c 2 , where Φ(r) is the Newtonian gravitational potential and c is the speed of light. One also knows that the speed of an orbiting test object in this spacetime is given by
In order to have a better insight on the above behaviour of the circular speed, let us expand B(r)
given in (25) for large values of r, namely at far distance compared to the horizon radius, r ≫ m.
It is a matter of calculation to show that(k = 1)
where c i = c i (b 0 , r 0 ) are constants such that in the absence of a mimetic field (b 0 = 0) we have
The constant c 1 can be absorbed in a redefinition of the time coordinate t and hence can be set equal to one. Note that the higher order terms are all in the form 1/r n with (n ≥ 2), and there is no contribution from the logarithmic term in the higher order terms. As we shall see, the logarithmic terms play a crucial role in the behaviour of the orbital speed of a test particle. Without the logarithmic terms, the orbital speed would be a decreasing function of r and the flat galactic rotation curves are remained upset.
Substituting B(r) from Eq. (27) into Eq. (26) one can obtain the functional form of the circular speed v(r) in terms of r which depends on the parameters c i and m. However, it is more instructive to plot v(r) for different values of the parameters. The behaviour of the orbital speed of a test particle in this spacetime, can be applied for understanding the flat rotation curves of spiral galaxies. This can be achieved by assuming that the underlying theory which describe the spacetime around a galaxy is the mimetic gravity. It is well-known that the circular velocity of spiral galaxies at far distances, at the galaxy outskirt, tends to a constant value. Let us note that in the limiting case where b 0 = 0, our spacetime reduces to the Schwarzschild one, therefore we realize that m = 2G N M/c 2 . Besides, for c 5 = c 6 = 0, our solution (27) restores the one proposed in [2] , which implies that, in this case we can define c 3 = λ 0 = 2.8 × 10 −12 M/M ⊙ (see Eq. (29)).
In order to be more realistic, we consider a typical spiral galaxy with mass M = 10 12 M ⊙ , and thus m = 2 × 10 12 G N M ⊙ /c 2 , where G N = 6.674 × 10 −11 m 3 kg −1 s −2 is the Newtonian gravitational constant and M ⊙ ≈ 10 30 kg is the mass of the Sun. Substituting m in (27) , with appropriate choice of the other parameters, we can plot the orbital speed in terms of the distance r from the galaxy center. We summarize our results in Figs. 1 and 2 where r is given in unit of "kly". These figures are compatible with astrophysical data [36] [37] [38] , although we are not going to give the details of data fitting of our model with observations. Indeed, here we present the ideas, and show how mimetic gravity can provide a theoretical basis for explaining the flat rotation curves of spiral galaxies. The detailed data fitting of the parameters space with observations is left for future studies.
From these figures we observe that the orbital speed crucially depends on the parameters c 3 and c 4 but is not sensitive with respect to the parameters c 5 and c 6 . From Fig. 1 , we see that even for c 5 = c 6 = 0 we still have a desired flat galactic rotation curve. We observe that the orbital speed increases for small distances and tends to a constant value at large distances, compatible with astrophysical data [36] [37] [38] . Besides, at any distance, the orbital speed v(r) increases with increasing the parameter c 4 which incorporates the effects of mimetic gravity. The reason for this behaviour originates from the fact that with increasing c 4 , the logarithmic term which comes from mimetic field in the solution (27) grows up. In Fig. 2 , however, we keep c 5 and c 6 fixed and allow the parameters c 3 and c 4 to vary. Obviously, with increasing either c 3 or c 4 , the orbital speed increases as well. Of course, when b 0 = 0 (c i = 0), namely for the Schwarzschild spacetime, the orbital speed restores v(r) = c m/2r = G N M/r, which is a decreasing function of r. Thus, the impact of the mimetic gravity dramatically changes the behaviour of the orbital speed of a test particle in this spectime.
A question then may arise: what is the origin of such behaviour of the metric function? In other words, why the spectime metric can naturally explain the flat rotation curves in mimetic gravity? In order to address this question, let us recall the original work [11] where the idea of mimetic dark matter was initiated. In [11] , the authors argued that, on the flat FRW Universe where the mimetic field is a function of time φ = t, the energy density of the mimetic field can be written in the form ρ mim = G − T = C(x i )/a 3 where a is the scale factor of the Universe and, thus mimicking the contribution of pressureless dust. The constant C(x i ) determines the value of the mimetic dark matter. Even, in the absence of matter where T = 0, this mimetic energy density is equal to ρ mim = −R, which, in general, has a non-vanishing value. This implies that, in mimetic gravity, dark matter appears naturally as a purely geometrical effect. This mimetic energy density comes from the extra longitudinal degree of freedom of the gravitational field equation induced by the mimetic field. It is worth noticing that, for consistency, in this picture, one should define the four-velocity of this mimetic dust as u µ = g µν ∂ ν φ which satisfies the normalization condition u µ u µ = ǫ. This means the mimetic filed plays the role of the velocity potential. Clearly, the normalization condition for the four-velocity is equivalent to the condition (7) for the mimetic field φ. Now we back to the above question. In the context of static spacetime where φ = φ(r), the field equations admit a solution which can explain the flat galactic rotation curves, but how? Indeed the responsible term for such behaviour is the second term in the metric function (23), namely g(r) − 1. This term in solution (23) contributes from the mimetic term (G − T + 2V )∂ µ φ∂ ν φ in the gravitational field Eq. (9), which is indeed the energy-momentum tensor of the mimetic field.
Note that in our case, V = 0 = T and this term is reduced to −R∂ µ φ∂ ν φ. Without this mimetic term, the field equations admit a unique solution g(r) = 1 and necessary implies b 0 = 0, which is just the solution of General Relativity.
In order to clarify how the second term in g(r) reflects the effect of mimetic field, let us note that the functional form of g(r) in (23), before integrating, is given by
Obviously, in the absence of mimetic field (φ = 0), the second term vanishes and our solution reduces to that of General Relativity. In conclusion, the origin of the responsible term, which is capable to reproduce the flat galactic rotation curves in a static spacetime, is the one which mimics dark matter in the cosmological setup [11] . This is the reason why the velocity of a test particle in mimetic gravity, in a static spacetime, can be naturally explained and the inferred flat galactic rotation curves are reproduced without invoking particle dark matter. More precisely, the proposed model of mimetic theory of gravity in [11] is defined in such a way that naturally mimics dark matter as a geometrical effect. Therefore, it is not strange that we could reproduce the flat galactic rotation curves in the background of static spacetime in mimetic gravity, without any modification in the action [14] or taking into account a variable potential [21] .
Our work may also provide a theoretical origin for the proposed modification of the Schwarzschild spacetime in Ref. [2] for the explanation of the flat galactic rotation curves. Let us recall that, in order to explain the flat rotation curves of spiral galaxies, the author of [2] proposed that the flat rotation curves of spiral galaxies can be explained by logarithmic gravitational potentials. He assumed the (00) component of the metric around a galaxy, at far distance, in addition to the Schwarzschild term, should have a logarithmic term,
where r s = 2G N M/c 2 is the Schwarzschild radius of the galaxy, and λ 0 ≈ 2.
In order to justify the appearance of the logarithmic term in the metric function around a galaxy, the author [2] modified the underlying theory of gravity by adding a new energy momentum tensor to Einstein's field equations. He proposed that a spiral galaxy has a dark perfect fluid companion which provides such modification in the metric. Here, we observe that the mimetic gravity can serve a logarithmic term in the metric function without needing to add a dark companion to the galaxy matter. Indeed, as argued in [11] , the extra longitudinal degree of freedom of the gravitation field, in mimetic gravity, is responsible for the appearance of such a logarithmic term in the metric function which could have naturally appeared at far distances. Thus, in our work the dark matter can be understood as a geometrical impact. Finally, we emphasize that in Eq. (27), we present the next correction terms to the Schwarzschild metric which comes from the longitudinal degree of freedom of the gravitational field in mimetic gravity.
B. Solutions with V (φ) = −2Λ
Next, we consider the case in the presence of a constant potential for the scalar field. Indeed, the consistent solutions, which fully satisfy the field equations, only exist for the case Λ > 0. In this case the field Eqs. (16)- (18) with q = 0, admit the following solutions
g(r) = 1 + c 0 √ r dr
The horizon can be obtained from g rr = f (r) = 0. For k = 0, black hole has a single horizon located at r h = (3m/Λ) 1/3 , and from (31) we observe that g(r) → ∞ at r = r h . However, this is just a coordinate singularity and all curvature invariants are finite at r = r h . For k = ±1, however, the horizon is the real positive root of Λr 3 − 3m + 3kr = 0. In these cases, we have again one horizon located at r + where its radius depends on the parameters m and Λ. We have also a coordinate singularity at r + , as one can see from solution (32) .
Again, it is a matter of calculations to show that these solutions together with (13) fully satisfy the field equation for the scalar field given in (10). Since the integral in Eq. (32), cannot be done analytically, we expand the integrand for large values of r. We find
Similarly, the function B(r) = f (r)g 2 (r) = −g tt at large distance is obtained
We observe that for a flat horizon (k = 0), B(r) has a minimum value B(r)
2 (3m/Λ) 2/3 /3 at the horizon. Besides, from solution (34) we see that, for k = 0, the asymptotic behaviour is approximately AdS, unless in the absence of the mimetic field (b 2 = 0), where the asymptotic behaviour of the spacetime is AdS. On the other hand, from solutions (30) and (35) we see that for k = ±1, as r → ∞, we have g rr = −g tt = k + Λr 2 /3, which confirms that the spacetime is asymptotically AdS. A close look on solution (35) shows that an extra term c 0 /r is added to the metric, compared to the topological black hole in Einstein gravity. This leading order term incorporates the effects of the mimetic field on the spacetime geometry far from the horizon.
Calculating the curvature scalars of this spacetime indicates that
while, for the asymptotic region where r → ∞, the invariants of the spacetime are obtained as
The behaviour of the metric functions for topological black holes in mimetic gravity are shown in Figs. 3 and 4 . From Fig. 3 we see that the black hole has one horizon and the radius of this horizon increases with increasing the mass parameter m. On the other hand, Fig. (4a) indicates that g(r) → −∞ for small r goes to unity for large values of r. This is an expected result, since at large distance, we expect the effects of the mimetic field to disappear. 
IV. CHARGED BLACK HOLES
In this section we would like to consider the possible solutions for charged topological black holes in the context of mimetic gravity.
A. Solution with V (φ) = 0
To have a better insight on the nature of the solutions we first consider the case with zero potential. In this case Eqs. (16)- (18) have the following solutions
where B 0 , A 0 and r 0 are constants of integration. In this case we have a black hole solution for k = 1. For k = 0, −1, however, we have no black hole solution and one may encounter with a naked singularity covered by a cosmological horizon. Indeed, in these cases the metric function changes its sign, f (r) < 0, for r > r c as one can see in Fig. (5b) . For k = 1, however, we have two horizons located at,
Thus, for spherical topology, we have a black hole with an inner and an outer horizon for m > 2q, an extremal black hole for m = 2q, and a naked singularity for m < 2q (see Fig. 5a ). Next, we study the behaviour of the metric function B(r) = f (r)g 2 (r) for large values of r. It is a matter of calculation to show that for k = ±1, at far distance, Finally, we consider charged topological black holes in the presence of a potential for the mimetic field. In this case Eqs. (16)- (18) admit the following solutions
where C 0 is a constant of integration. The integral in the expression (45) cannot be done analytically, so we expand the integrand for large r limit. It is a matter of calculations to show
which yields
Clearly, in the asymptotic region where r → ∞, we have g(r) ≈ 1 and 
Let us have a look at the electric field of the spacetime. From Eq. (15), we have
Thus, far from the black hole, the electric field behaves as E(r) ∼ q/r 2 , since in this regime we have g(r) ≈ 1. Again the Ricci and Kretschmann invariants diverge at r = 0, they are finite for r = 0 and go to −4Λ and 4Λ 2 /3, respectively, for r → ∞. Thus, we confirm that the essential singularity is at r = 0. The behavior of the metric functions and the electric field for charged topological black holes in mimetic gravity are plotted in Figs. 6 and 7. From Fig. 6 , we observe that our solutions can represent, depending on the metric parameters, black holes with an inner and an outer horizon, an extremal black hole, or naked singularity. Similar behaviour is also seen for the cases with k = 0.
In Fig. (7a) , we also plotted the behaviour of the electric field, where it is observed that, for small r the electric field diverges, while it goes to zero for large values of r, as one expects. Finally, from 
V. GEODESICS MOTION AROUND MIMETIC BLACK HOLES
In this section we study the geodesic motion of massless and massive particles in the spacetimes of mimetic black holes. For symmetry reasons we can choose θ to be constant. In the case k = 1 we will choose the equatorial plane θ = π 2 and in the case k = −1 we will choose θ = ln(1 + √ 2) so that sinh(θ) = 1. Then in all three cases k = 1, 0, −1 we will have g ϕϕ = r 2 .
We derive the equations of motion using the Hamilton-Jacobi formalism. To solve the HamiltonJacobi equation
we use the following ansatz for the action
where τ is an affine parameter along the geodesics. For massive particles we have δ = 1 and for massless particles δ = 0. E is the energy and L is the angular momentum of the test particle.
With the above ansatz and the metric (11) the Hamilton-Jacobi equation becomes
and therefore
We can derive the equations of motion by varying the action with respect to the constants of motion dr dϕ
From equation (54) we can define an effective potential V eff by
A. Uncharged black holes with V (φ) = 0
First we will consider uncharged black holes with V (φ) = 0. We insert the metric functions (22) and (23) the case k = 1, which describes a spherical black hole in mimetic gravity. The r(φ) equation of motion and the effective potential are
Apparently equation (58) can only be solved with numerical methods. However, we can analyse the effective potential (59) to study the behaviour of the geodesics. Figure 8 shows some plots of the effective potential (59) for different values of b 0 . We see that for every b 0 all potentials meet at the same point (r p , V eff (r p )), which can be calculated by
Furthermore, if g(r c ) = 0, then V eff (r c ) = dV eff dr (r c ) = 0 and there is a stable circular orbit with zero energy. The position r c of the circular orbit can be calculated by There is a bound orbit with r 3 ≥ r ≥ r 2 and a terminating bound orbit with r 1 ≥ r ≥ 0 , which ends in the singularity.
In the case of massless particles the following orbits occur:
1. There is no turning point and If the parameter |b 0 | is sufficiently small, the geodesics close to the black hole in mimetic gravity behave similar to those in the Schwarzschild spacetime. However for large r the logarithmic term dominates, so that in contrast to General Relativity massive particles cannot escape the mimetic black hole. As the parameter |b 0 | grows, the effective potential close to the black hole is no longer similar to Schwarzschild and a minimum at E = 0 appears in the effective potential. Then there are stable circular orbits with zero energy. Moreover, massless particles can move on a stable bound orbit, which is not possible in the Schwarzschild spacetime.
Looking at the sky an observer will see a dark region, the so called shadow, around a black hole. The shadow is a projection of the photon sphere [39] , which marks the boundary between light rays escaping the black hole and light rays falling into the black hole. For small |b 0 | there is an unstable circular orbit for photons, which corresponds to the radius of the photon sphere.
Here the shadow is very similar to the Schwarzschild spacetime. If we increase |b 0 |, the size of the shadow will change.
For negative b 0 there is still an unstable circular orbit for photons which will be closer to the black hole in comparison to the Schwarzschild case.
For positive b 0 , the situation is more complex. At first, for small b 0 we have an unstable circular orbit for photons, which will be further away from the black hole than in the Schwarzschild case.
For increasing b 0 there is a stable circular orbit for photons, but additionally there is an unstable circular orbit for larger r (see figure 8 of the effective potential). This unstable photon orbit is the photon sphere, which is at a larger distance than in the Schwarzschild case.
Now if we increase b 0 further, we have to take into account, that the effective potential at the event horizon is not zero, as in the Schwarzschild case. At some point the energy value of the effective potential at the horizon will be larger that the energy at the unstable circular photon orbit. This means that light rays can get arbitrarily close to the black hole and still beeing reflected at the potential barrier (of course at a certain energy they will fall beyond the horizon). In this case the photon sphere has the same size as the horizon.
B. Charged black holes with V (φ) = −2Λ
Here we consider charged spherical black holes with V (φ) = −2Λ. In this case there are two horizons r + and r − . We insert the metric functions (44) and (46) in the case k = 1 into the equation of motion (54) and the effective potential (57)
(63)
Note that we used the expanded version of the function g(r) in the large r limit. For r → ∞ the effective potential diverges for massive particles and approaches V eff = ΛL 2 3 for massless particles. At r = 0 there is a potential barrier due to the charge. Figure 9 shows the effective potential for massive particles and light moving around a charged black hole with V (φ) = Λ. For massive particles we find the following orbit configurations:
1. There are two turning points r 1 < r − , r 2 > r + and dr dϕ 2 ≥ 0 for r 1 ≤ r ≤ r 2 . The corresponding orbit is a many-world bound orbit which emerges into another universe each time both horizons are crossed twice.
2. There are four turning points r 1 < r − , r + < r 2 < r 3 < r 4 and dr dϕ 2 ≥ 0 for r 1 ≤ r ≤ r 2 and r 3 ≤ r ≤ r 4 . A many-world bound orbit and a normal bound orbit exist.
3. There are six turning points r 1 < r − , r + < r 2 < r 3 < r 4 < r 5 < r 6 and dr dϕ 2 ≥ 0 for r 1 ≤ r ≤ r 2 and r 3 ≤ r ≤ r 4 and r 5 ≤ r ≤ r 6 . A many-world bound orbit and two normal bound orbits exist. This configuration does not exist in the Reissner-Nordström AdS spacetime.
For massless particles we find the following orbit configurations:
1. There is a single turning point r 1 < r − and dr dϕ 2 ≥ 0 for r ≥ r 1 . The corresponding orbit is a two-world escape orbit which emerges into another universe afther crossing both horizons twice.
2. There are three turning points r 1 < r − , r + < r 2 < r 3 and dr dϕ 2 ≥ 0 for r 1 ≤ r ≤ r 2 and r ≥ r 3 . A many-world bound orbit and an escape bound orbit exist.
3. There are five turning points r 1 < r − , r + < r 2 < r 3 < r 4 < r 5 and 
VI. CLOSING REMARKS
In [27] , Deruelle and Rua showed that, in general, Einstein field equations of General Relativity are invariant under disformations, however, relaxing this invariancy can yield the field equations of mimetic gravity which bring rich physics. In this theory, in contrast to scalar tensor theories, the mimetic field φ is not dynamical by itself and is always restricted by Eq. (7). Instead, it induces an extra longitudinal degree of freedom to the gravitation field, in addition to two transverse degrees of freedom describing gravitons. This extra degree of freedom, on the cosmological background, admits an energy density, with geometrical origin, which scales like pressureless matter and thus mimics dark matter [11] . If mimetic energy density resembles dark matter, is it possible to explain the flat galactic rotation curves in this gravity? To answer this question, in this paper, we have studied static black holes in the context of mimetic gravity. For completeness, we considered black hole with various horizon topology including spherical with positive constant curvature, cylindrical with zero curvature and hyperbola with negative constant curvature. In order to reflect the impact of the mimetic field into the spacetime metric, we should require g tt = −g −1 rr , which means that we allow an extra degree of freedom in the metric line elements.
We have discussed several cases including whether there is or not a constant potential in the background and whether there is or not charge on the black holes. We have explored the casual structure and some physical properties of the solutions. In the absence of potential, these solutions are not asymptotically flat which is due to the presence of the mimetic field φ. When a constant potential (cosmological constant) is taken into account, it dramatically affects the behaviour of the spacetime and leads to asymptotically AdS and approximately AdS for, respectively, charged and uncharged solutions. Interestingly enough, we have noted that when the horizon is spherical, and in the absence of potential, the spacetime describing by our solution can explain the flat rotation curves of spiral galaxy without invoking particle dark matter. In this viewpoint, the dark matter is indeed a geometrical effect which originate from the extra degree of freedom of gravitational field, induced into the spacetime metric, by the mimetic field. We have discussed the origin of such behaviour of the metric in ample details. In order to quantify our results, we applied our metric to a typical spiral galaxy by assuming that the underlying theory describing the spacetime is mimetic gravity. We have plotted the orbital speed of a test particle, at far distance, at galaxies outskirt, around a typical galaxy with mass M = 10 12 M ⊙ , in terms of the distance which are in good agreement with observational data [37, 38] .
We have also analyzed the geodesics motion of massive and massless particles around spherically symmetric black holes in mimetic gravity. We have focused on two cases: the uncharged case with zero potential and the charged case with constant potential, V (φ) = −2Λ. We have found that if the parameters |b 0 | or |C 0 | are sufficiently small, then the geodesics close to the black hole behave similar to geodesics in Einstein gravity. However, in the uncharged case at large distances the effective potential differs from Einstein gravity. Here the logarithmic term dominates so that massive particles cannot escape the black hole and will always move on bound orbits. If the parameters |b 0 | or |C 0 | grow, then the motion is no longer similar to geodesics in the Schwarzschild or ReissnerNordström (AdS) spacetime. We observed that, in mimetic gravity, new orbit configurations appear and there is a minimum with E = 0 in the effective potential, so that stable circular orbits with E = 0 exist. Furthermore, in the spacetime of a mimetic black hole we found stable bound orbits for massless particles, which do not exist in Einstein gravity (in four dimensions). Additionally we found that the size of the photon sphere is smaller than in the Schwarzschild or Reissner-Nordström case for negative |b 0 | or |C 0 | and larger for positive |b 0 | or |C 0 |. However, if |b 0 | or |C 0 | get "too large" that suddenly the photon sphere shrinks to the size of the event horizon.
The explanation of the flat galactic rotation curves, in the background of static spacetime, further supports the viability of mimetic theory of gravity. It confirms that this theory may serve an alternative explanation for the presence of dark matter in the Universe, as pointed out in [11] . Indeed, this investigation is of great importance because, at least, at theoretical level, is an indication that the geometrical origin of dark matter can be understood naturally within a more comprehensive relativistic theory of gravity. Given the wide ranges of the observational data available, in the future, we expect to further constrain our model parameter space and check the viability of mimetic gravity.
